COMPACTNESS FOR COMMUTATORS OF CALDERON-ZYGMUND
SINGULAR INTEGRAL ON WEIGHTED MORREY SPACES

JING LIU* AND KUI LI

ABSTRACT. We prove the boundedness and compactness for the iterated com-
mutators of the 6-type Calderon—Zygmund singular integral and its fractional
variant on the weighed Morrey spaces.

1. INTRODUCTION

The aim of this paper is to establish some new results focusing on the bound-
edness and compactness for the iterated commutators of the 6-type Calderén—
Zygmund singular integral and its fractional variant on the weighed Morrey spaces.
Let us recall some definitions and background. For 0 < o < n, the 8-type Calderén—
Zygmund integral operator Tk, is defined by

(1) T, (1)) = | Kale)f0)dy for x ¢ suppf
with kernel K, satisfying the size condition

Ck,
(1.2) Ko (x,y)] < W

and a smoothness condition

[x—2| ) 1
(13)  [Ka(x.y) — Ka(zy)| + [Ka(x) — Ka(32)] < e(|x_y| =
for all [x —y| > 2|x—z|, where 8 : [0, 1] — [0,0) is a modulus of continuity, that is,
0 is a continuous, increasing, subadditive function with 6(0) = 0 and satisfies the
Dini condition fol 0(1)% < oo
When a = 0, we denote Tk, = Tx. If Tx is bounded on L?(R"), then Tk is just
the 6-type Calder6n—Zygmund operator. When o € (0, 1), the operator Tk, is the
0-type fractional integral operator. Particularly, when 0(¢) = 1% for some & > 0, the
operator Ty is the classical Calderén—Zygmund singular integral operator. It was
shown in [14, 15] that Tk is bounded on LP(w) for 1 < p < o and w € A,(R").
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When o € (0,1), we get from (1.2) that Tk, f < Ck,lo|f]|, where Iy, is the classical
fractional integral operator defined by

(= [ L2

Re X —y[*¢
As an immediate consequence of the boundedness for I, we have that Tk, is
bounded from L?(wP) to LI(w?) for | < p < g<eo, 1/g=1/p—a/nand w €
Ap4(R") (see the definition of A, ,(R") in Section 2).

On the other hand, the investigation on the boundedness and compactness of the
commutators has been the subject of many recent papers in harmonic analysis. In
1976, Coifman, Rochberg and Weiss [5] first introduced the following commutator

[b,T](f)(x) = bT f(x) =T (bf)(x)

with suitable operator 7" and function . More precisely, they established the L?
boundedness for [b,T] with T being Riesz transform for 1 < p < e if and only
if » € BMO(R"). Later on, Uchiyama [22] improved the above result by show-
ing that [b, To] with T being rough singular integral operator with rough kernel
Q € Lip,(S"™1) is bounded (resp., compact) on L”(R") for all p € (1,) if and
only if the symbol b € BMO(R") (resp., b € CMO(R")). Here CMO(RR") is the
closure of C°(R") in the BMO(R") topology, which coincides with the space of
functions of vanishing mean oscillation. Since then, a considerable amount of
attention has been paid to study the boundedness and compactness for the commu-
tators of various operators. For examples, see [1, 10, 11] for the L” boundedness of
the commutators of rough singular integral, [2,9,13,23,24] for the L” compactness
of the commutators of various integral operators. Other interesting works related
to this topic are [20,21,25].

In this paper we focus on the commutators of the 0-type integral operators. More
precisely, let Tk, be defined in (1.1). For a locally integrable function b defined on
R”, the commutator [b, Tk, ] is given by

[0, T, ) () (%) 7= bx) T, () (%) = Tk, (bS) (),
for suitable functions f. Let N = {0,1,...} and m € N\ {0}. The m-th iterated
commutator (7, )}’ is defined by
(T )5 (F) = b, (T )3 ~'1(F), - (Ta)p(f) 1= [b, T, ) ().

For convenience, we denote (T1<m)’,;1 = Tk, when m = 0. Before stating some known
results, let us recall some definitions.

Definition 1.1 (BMO(R") space) ( [8]). The BMO(RR") space is given by
BMO(R") :={f € Llloc(Rn) o fllemown = ”MﬁfHLw(Rn) < oo},

where M* f is the sharp maximal function, i.e.

YN _
Ve =sup /Q FO) — foldy,

where the supremum is taken over all cubes Q in R" that contain the given point x.
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Definition 1.2 (A,(R") weight) ( [18]). A weight is a nonnegative, locally inte-
grable function on R” that takes values in (0, o) almost everywhere. For 1 < p < oo,
a weight w is said to be in the Muckenhoupt weight class A,(R") if there exists a
positive constant C such that

1 1 1—p p—1
(1.4) 0 Cugzlspin o <@ /Qw(x)dx) <@ /Qw(x) P dx) <C.

The smallest constant C in inequality (1.4) is the corresponding A,, constant of w,
which is denoted by [w]a,.

Definition 1.3 (A, ,(R") weight) ([19]). Let0 <o <n,1 < p,g<eand 1/g=
1/p—o/n. A weight w is said to be in the Muckenhoupt weight class A, ,(R") if
there exists a positive constant C such that

1 1 o s
(1.5) chsgspin o <Q’/qu(x)dx> (‘Q’/QW P (x)dx) <C.

The smallest constant C in inequality (1.5) is the corresponding A, ;, constant of w,
which is denoted by [w]a,,,.
Very recently, Guo, Wu and Yang [9] showed that

Theorem A. ([9]) Ler0 <a<n meN\{0}, 1 <p<g<e, 1/g=1/p—0/n
andw € A, ,(R").
(i) If b € BMO(R"), then
T ) stun) < btz 1 Fllriun) VF € L2(0).

(i) If b € BMO(R"), then (Tx, )} is a compact operator from LP (wP) to L1(w?).

The primary motivation of this note is to establish the corresponding results for
(Tk, ) on weighted Morrey spaces. Let us recall one definition.

Definition 1.1 (Weighted Morrey spaces). Let w,v be two weights on R”. For
1 <p<oand0 <P < I, the weighed Morrey space MPB(w,v) is defined as

MP’B(W7 V) = {f S Lﬁ)c(w) : ||fHMP~B(w.v) < 00}7
where
I (s [ lrlrwea)
B ‘= su — x)|Pw(x)dx)
MrBlwn) ba]ls]?n r \V(B)P Jp
where the supremum is taken over all balls in R".

This type of Morrey spaces was originally introduced by Komori and Shirai [12]
who established that the fractional maximal operator My, with 0 < & < n is bounded
from MPB(wP wi) to M9PB/P(w9), provided that 1 < p < g <o, 1/g=1/p—a/n
and w € A, ,(R™). When w = v, then MP#(w,v) reduces to the classical weighted
Morrey space M? 7B(w), which was also introduced by Komori and Shirai [12] who
established the boundedness for the Hardy-Littlewood maximal operator and the
Calder6n-Zygmund singular integral operator on M” 7B(w). When w = 1, the space
MPB(w) reduces to the classical Morrey space M?#(R"), which was first intro-
duced by Morrey [17] to study the local behavior of solutions to second order
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elliptic partial differential equations. In 1991, Di Fazio and Ragusa [6] presented a
characterization of MPB(R") boundedness for [b, Tg]. Since then, the characteriza-
tions of boundedness and compactness of [b,T] on Morrey spaces MPB(R") have
been studied by many authors (see [3,4,7]).

In this paper we establish the following results.

Theorem 1.1. LetmeN, 0<oa<n 1 <p<g<e,1/g=1/p—0o/n, 0<B<p/q
andw € A, 4(R").
(i) If b € BMO(R"), then

H(TKa)Zn(f)||Mq«4B/P(wq) < CHngMo(Rn)HfHMP«ﬁ(wP,wqw vfe MP’B(WP7Wq)-

(i) If m € N\ {0} and b € BMO(R"), then (Tx, )} is a compact operator from
MPB(wP w1 1o MTIB/P (1),

Remark 1.1. When B = 0, Theorem 1.1 implies Theorem A. There are some ex-
amples satisfying the condition of Theorem 1.1, such as w = |x|¥ with y € (ot —
San— 7) By Lemma 2.2, it is not difficult to verify |x|Y € A, ,(R") for 0 < o <,
1<p<q<oo I/g=1/p—a/nandye (00— 2,n—7).

As an application of Theorem 1.1, we have the corresponding results for the
0-type Calder6n—Zygmund operator and its commutators.

Corollary 1.1. Letme N, 1 <p <o, 0 <B < 1 andw € A,(R").
(i) If b € BMO(R"), then

||(TK)Z1(f)HM/’>B(W) < CHbHQMO(Rn ”fHMI"B(wV vfe MP’B(W)~
)
(ii) If m € N\ {0} and b € BMO(R"), then (Tk)} is a compact operator from
MPB(w) 10 MPB(w).

To prove Theorem 1.1, we will give a boundedness criterion of a class of sub-
linear operators on weighted Morrey spaces, which has interest in their own right.

Theorem 1.2. LetmeN, 0<o<n 1 <p<g<e,1/g=1/p—0/n, 0<B<p/q
andw € Ay 4(R"). Let T,, be a linear or sublinear operator satisfying

SO
1.6 <C bj( i d
(16) ITn()()] < 1/H| I e
where b= (by,...,by) with each bj € BMO(R"). When m = 0, we denote Ty =T .
If T,, satisfies

(L.7) T ()| 22w <C2HH17 [BMo(®n) lfl|Lrwrys YV € LP (WP),
j=
then for any f € MPB(wP w9),

m

(1.8) ”T ( )”Mthﬁ/p (wa) <C C] C27 H |b'”BMO(R”)HfHMnB(Wp,Wq)-
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We would like to remark that Theorem 1.2 can apply to the multilinear commu-
tator. More precisely, let m € N\ {0} and Tk, be defined as (1.1). For a vector
function b = (b1,...,by) with each b; € BMO(R"), the multilinear commutator
(T) Ka)%” is defined as

(k7)) = o, [bl,TKan 10
/ n H 0N 2 F)ay

Ix ylre

Clearly, (TK(X)%” = (Tk,)} it b= (by,...,by,) with bj=bfor 1 < j < m. Recently,
Guo, Wu and Yang [9] proved that (TKa)an is bounded from L”(w?) to LY(w?) for
0<a<nl<p<g<ol/g=1/p—a/nandw €A, ,(R"), provided that each
b; € BMO(R") for all 1 < j < m (see [9, Theorem 5.3]). It is clear that (TKa)g1
satisfies the condition (1.6). These facts together with Theorem 1.2 and a slight
modification of the proof of the compactness part in Theorem 1.1 implies directly
the following result.

Corollary 1.2. Letme N, 0<o<n 1 <p<g<o, 1/g=1/p—0o/n and
we A, (R
() Ifb = (b1,...,by) with each b; € BMO(R"), then

”(TKOC) (f )HMMB/!' (we) = Cr[l ||b HBMO R") ||f||M1’ﬁ wP we)
holds for all f € MPB(wP w9).

(i) If b = (by,...,by) with each bj € CMO(R"), then (TKa)%” is a compact op-
erator from MPB(wP wi) to MOB/P (wa),

The paper is organized as follows. In Section 2 we present some definitions and
lemmas, which are the main ingredients of proving our main results. The proofs
of Theorems 1.1 and 1.2 will be given in Section 3. We remark that some ideas of
our methods are taken from [9, 13, 16], but our methods and techniques are more
delicate and complex than that of [9, 13, 16].

Throughout the paper, for any p € (1,0] we let p’ denote the conjugate index of
p which satisfies 1/p+1/p’ =1 (here we set o' = 1). The letter C will stand for
positive constants not necessarily the same one at each occurrence but is indepen-
dent of the essential variables. For x = (x,...,x,) we set x| = maxj<j<y |x|.

2. SOME DEFINITIONS AND LEMMAS

In order to prove Theorem 1.1, we need the following properties for A ,(R") and
Ap 4(R") weighs.
Lemma 2.1. ([16]). Let 1 < p <o and w € A,(R"). Then

(i) There exists a constant © € (0,1) such that w'*® € A,(R"). Both 8 and

[w!*9]4 , depend only on n, p and the A, constant of w.
(ii) There exists a constant € € (0, 1) such thatw € A,_¢(R").
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(iii) The measure w(x)dx is doubling, i.e. for all A > 1 we have

w(AQ)
su < [wla, AP,
Q cubespin R W(Q) N [ ]Ap

(iv) There exists a constant %,, > 1 such that
it W29
Q cubes in R” W(Q)

(v) Let b € BMO(R” ), then

2 ,YW .

» 1/p
sup L) = bolPwldx) =, [Blogee
Q cubes in ]R"

Lemma 2.2. ([19]). LetO <o <n 1 <p,g<e, 1/g=1/p—a/nand w €
Ap 4(R™). Then

() wP € A, (R"), wl € Ay(R") and wP € Ay(R").

(i1)

w e Apg(Rn) Swile Aq(n—oc)/n (Rn) ,
=2 S A1+q/p/(Rn) S wP S Al+pl/q(Rn).

For convenience, we always use the weighted Morrey spaces associated to cubes.
Let1 < p <ooand 0 <P < 1. For two weights w and v defined on R”, the weighted
Morrey space associated to cubes is defined by

MPB(W V) = {f S Lloc( ) : ”fHMPﬁ(w,v) < oo}’

where
Hf“[ql’»ﬂ(w7v) =
Q cubes in R”
where the supremum is taken over all cubes in R”.

x)|Pw(x dx) ,

Remark 2.1. If the weight w is doubling, then we have M”78 (w,v) = MPB(w,v),
ie.

(2.1) ”f”ﬂp‘ﬁ(w,v) = HfHMI’-B(w,v)7

which can be seen by the doubling property for w and the following observation
O(x0,7) C B(xo,v/n/2r) C Q(x0,v/nr), VYxo €R",r>0.

To end this section, we shall present the following characterization that a subset
in M"’B(w) is a strongly pre-compact set, which plays a key role in the proof of
compactness part of Theorem 1.1.

Proposition 2.3. ([16]) Let 1 < p <o, 0 <B < 1 andw € A,(R"). Then a subset
F of MPB(w) is strongly pre-compact set in MP®(w) if F satisfies the following
conditions:
(1) F is bounded, i.e.
Sup || fllyzrp ) < o0
feF
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(1) F uniformly vanishes as infinity, i.e.

ngﬂm 1/ xewll mr8(y) = 0, uniformly forall f € ¥,

where Ey = {x € R"; |x| > N}.
(iii) F is uniformly translation continuous, i.e.

lim sup |[f(-+h)—=f(:)llyrsq =0, uniformly forall f € .
=0 heB(0,r)

3. PROOFS OF MAIN RESULTS

In this section we present the proofs of Theorems 1.1 and 1.2. We first prove
Theorem 1.2.

Proof of Theorem 1.2. Let f € MPB (wP w?), B € (0,p/q) and w € A, ,(R"). Fix
a cube Q = Q(xp,r). We divide the proof into two parts:

Step 1. Proof of (1.8) for m = 0. By Remark 2.1, to prove (1.8), it is enough to
show that

31 )|*wi (x)d Y alrl
( ' ) qﬁ/p ‘ | w ) X) — HfHMI’-B(W177Wq)7

where C > 0 is 1ndependent of xo, r.
We write f as f = fX20 + fX(20)-- Then we have

1/q
Wq 45/P/‘T (Wi )dx)

1/q
(3.2) < (W(,(Q)qlﬁ/p/Q’ szg)(x)\qwq(x)dx) )
+<Wq(Q)q|3/p/Q\ T(fX(zg)c)(X)!qwq(x)dx)
=L +Dh.

By Lemma 2.2 (i), we have that w? € A,(R"). By Lemma 2.1 (iii), we see that
. q
W@@gmmgwﬂmmymmmmmwmmMaﬂwmm:ommwmm

wi(0)
I |T (20)[9wi( )dx) a
1= yvq qB/p

gcz—ﬁ/p / rfxv’wP(x)dx)””
(3.3) / £l ‘pwp dx)

»vq zgz 1/p
gcz((wq(Q)) o 2Q /|f )PP (x)dx)
< C(C27nap7q’l3 [ } )Hf”Mp[5 (wPwi)*
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We now estimate I,. Fix x € Q, we get by the condition (1.6) with m = 0 that

(3.4) T (fX20))(x) SCl/ Mdz

(20 lx—z"7

Note that [x —z| > [x — Z]e > |z —X0|oo — ¥ — X0|ow > 4|z — X0|w for z € (2Q)°. By
(3.4), we have

ISR 1/ (2)]
T(fxnoy)(x) <2"%C / ————dz
( (20) )(x) IZ;,) el |o<2l |z — xo|

3.5
<re Y@ [l
1=0 2/+1Q

Fix [ € N. Using the Holder’s inequality, one has

/Z”'Q 7z = (/21+1Q |f(Z)|pwp(z)dZ> " </21+'QW_p/ (Z)dZ) 17:
< Wq(zl"rlQ)B/p”f”}ﬁp.ﬁ(wp,wq) (/ W_p/(Z)dZ) P‘

2/+1Q

(3.6)

Since w € A, ,(R"), then

/ 1/p «
(3.7) (/ w? (Z)d2> < [W]fl,{f’q!2’“Q\17wq(2l+1g)*1/q_
21+1Q X
Combining (3.7) with (3.6) leads to

aB/p—1
a4 ”f”ﬂpﬂﬁ(wqu)'

(3.8) / |f(2)|dz < [w]f]‘/" |21+1Q’17%Wq(2l+1Q)
21+1Q P4

In light of (3.5) and (3.8) we would have

oo

(o)) <2 R @ [ fta)a:

=0
< C(Clvna o, [W]qu) Hf”[ﬁ[l)«ﬁl (wP,w4)
4B/p—1

« (zlr)otfn’21+lQ‘lf%wq(zlJAQ) 7
=0

(3.9)

qB/p—1
q

< C(Clvna o, [W]Ap‘q) ‘|f||Ml)«,[3(Wl)7wq) Z Wq(21+] Q)
=0

Note that g3/p < 1. Invoking Lemma 2.1 (iv) and (3.9), we have

oo Wq (2[+1 Q) ‘13/5*1
L <C(Cy,n,0,p,q,[w B (0P 1 — =
2 < C(C1nap g bl ) s X (a0 )

o (1-qB/p)(+D
< C(Cl ,n, o, p,q, [W]Ap,q) ||f||j\2p‘[3(wp7wq) Z qu !
=0

< C(Chnv(xapvq’ [W]Ap,q)||f||Mpvﬁ(wp7w‘1)'
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This combining with (3.2) and (3.3) implies

1/q
qB/p / T )W )dx>

CvaZﬂn o, p,q, [W] pq)HfHMpB WP wd)*
This proves (3.1) and completes the proof of the case m = 0.

Step 2: Proof of (1.8) for m € N\ {0}. Let f € MPB(wP w?) and B € (0, p/q).
Fix a cube Q = Q(xp,r). By Remark 2.1, to prove (1.8) for m € N\ {0}, it suffices
to show that
3. 10)

1/q "
(rzgg L @i @ax) ™ < CTT b ovtose s v
j=1

where C > 0 is independent of xg, » and b.
Decompose f as f = fX20 + [X(20)-- We can write

(argr [, s @lma) ™

/

(3.11) = (Wq(QIWJ/Q\Tnz(szQ)(x)\qw%x)dx)l a
! 1/q

(g [, o 01w

=:J1+J>.

For J;. By Theorem A, (1.7) and the fact that v::q((Z Q%) < [wi]a,2", we have

1/p
Ji <C2H||b IBMO (R B/p / |f()[PwP (x )dx)

Jj=

:CZHHijBMO(R”)< q(lQ)B /ZQIf(x)V’wf’(x)dx)]/p

]—l

(3.12) <CzHHb [BMO(R")

x«ﬁgbwﬂzfv @ P ds)

< C(Cyyn,p,q, B, W) HW’ l[Bmo®n) L 115708 (o)
=
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For J>. Fix x € Q. By (1.6) and the fact that [x —z| > §|z— x|« for z € (2Q)¢,
one has

I Tn(fX(20))]
m
<a [ Mo -noI G
- o |f(2)]

<C2t¢ bi(x)—bi(z)|———dz

E(’) 21V§|Z*x0|wS21“rI;[1’ ! / |z —xo|%
<Cey @ / @I T 16,00~ by e

1=0 2[+l ] 1

For convenience, we set E = {1,...,m}. Forany j € {1,2,...,m} and ] € N, we let
bjayr1g= ﬁ f21+1ij(Z)dZ. Note that

m

ﬁl 1b;(x) = bj(2)] < [T(1b;(x) = bj a1l + [bj(2) = bjarigl)
=

=1

<H|b ,112’“Q|>( H ‘bv(z)_bv,Z”lQ’)'

~.

TCE “uET VEE\T
Then we have
Tn(fX20)) (%)
2n aCl Z (H’b HZHIQ‘)
TCE "ueET
Xz(zlr)ocn/ ( H |by(2) V21+1Q|>dz
1=0 219 VEE\T
FixTCE. Lett = (1(—1&-:)813’17—/8' Clearly, t € (1, p). By Holder’s inequality, we have
Z(zlr)oc—n/ < H |by(2) V21+1Q|)dz
1=0 21+ VEE\T
1/t
(3.13) < Z (2'r) (/ \f(Z)I‘dZ)
21+1Q
Y 1/t
x(/ ( |by(z) — b 72[+1Q‘) dz) .
20410 VBE\T v

On the other hand, we can choose {s;}icg\x C (1,°0) such that ¥;cp\o 1/s; = 1. By
Holder’s inequality and the property of BMO(RR”), one has

!/

TT 1w~ byarol) az) "
2H1Q

VEE\T

p 1/(svt")
<1 ( / Ibu(2) — byl d2)
VDE\‘C 21+1Q v Q

< II 1by][Bpoen 12 Q6+

VEE\T

<[ *to|V" IT llovlsmoen-
VEE\T

(3.14)



COMPACTNESS FOR COMMUTATORS OF CALDERON-ZYGMUND SINGULAR INTEGRAL 11

Let s=p/t. Then 1/(s't) =1/t —1/p=1/(p'(1+¢€)). By Holder’s inequality,
one has

</l+lQ | dZ 1/t
<( /2 CICIERC az) " ( /2 HIQWS,I(Z)dz) Ve

/ 1/(p'(1+¢))
l+1 B/ _ —p'(1+¢)
<w(2"7Q) prHMp,B(wqu) </2’+1QW P (z)dz) .

(3.15)

Since w € A, 4(R"), by Lemma 2.2, we have w7’ € A, »(R"). By Lemma 2.1
q
(i), there exist a constant € € (0, 1) such that

wP (148 ¢ 4

R CAL i (RY).
q

Then we have

( / W 149) ) dz>1/<p'<1+e>>
2/+1Q 1

(3.16)
< [Wfp (1+s)]A(l+:(1+s ‘ HIQ’ I+e ,;(1+s) an(ZlHQ)*g”f”Mpﬁ b )

Note that 1+£ + (lis) = % It follows from (3.13)—(3.16) that

Z(zlr)oc—n/ < H |by(2) v2’+'Q|)

=0 21+ VEE\T

< 21 o—n W—p (1+€) P (1+8) 2[+1Q c—=

lg(,) [ ]AH isa Rr)| |’
(3.17) ><Wq(zmQ)B/’H/qHf||1qp,ﬁ(wp,wq)’2IHQ|7’ II\ [bv][BmO(®r)
VEE\T
< [W_p(1+£)] z +e) H ||bv |BMO R") Hf”MpB WP wd)

veE\T
X ZW(WQ \B/p=1/a,
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By (3.17), (3.13), Lemma 2.1 (iv) and the fact that gB/p < 1, one has

JH<C Z H HbVHBMO(R”)||f||/17]p,ﬁ(wp7wq)

T€EvVeE\T

(oo /Q<Z<H|b ~byag)

HET /
B/p=1
qu(ZlHQ)q ) (x)dx) !

SCZ H HbVHBMO(R")”fH]V[pﬁ(wp_ywq)

T€EveE\t

(3.18) X(quQ)/ (Z <,Lg|b #21+|Q|)
(1 0) )
<CY T v losiose) 1 s ey (@) ™9

T€EveE\t

(L (B (T =tyangl)) W) ™

HET

We can choose {#;}icz C (1,0) such that },c. 1/f; = 1. By Minkowski’s inequality
and Holder’s inequality, one has

(/Q(iywq( qﬁ/lf)(m (H‘b ,u2’+‘Q|>)qu(x>dx>l/q

uet
(=gB/p)(1+1) 1/
a9 <m0~ baol) i)
oo (=gB/p)(+1) e qt, 1/(qt,)
: u u
ST TI( (bl ")

Note that w? € A,(R"). By Lemma 2.1 (v), Minkowski’s inequality and the fact
that [by,0 — by, 2111g| < C(1+1)||bul[BMO(R?), We Obtain

(] (1t )d
Qg
< o — by W (Q) " (@)
qty
+ (/Q (b,,(x) — b,,,Q) ! w(x)dx
< C(L+1)[|bullpmonw?(Q) /@)
It follows from (3.18)—(3.20) that

X

)1/(%)

qt,
— by,ZHlQ’) 'qu(X
)1/(%

(3.20) ) 1/ (at)

1 o [+1
T < TT18llmvoe) L1520 (o iy 1 1 5208 0 o Z g

(3.21) = =%
< CTTlesllsmomn 111 4708 oo )
j=1
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since Y« > 1 and gB/p < 1. Then (3.10) follows from (3.21), (3.11) and (3.12).
This completes the proof of Theorem 1.2. ]

Proof of Theorem 1.1. The boundedness part of Theorem 1.1 follows easily from
Corollary 1.2. We prove the compactness part of Theorem 1.1 by considering five
steps:

Step 1. Reduction via approximation argument. For a fixed b € CMO(R")
and € € (0, 1), there exists be € C°(R") such that ||be — b|[gmo(rr) < €. It is clear
that

BT —b" = (be —b) (B 4B 204 -+ 0",
For convenience, we set
m—1 m—2 m—1
_ —— - —— - —
bl - (bg_b,bg,"' ,bg),bz == (bg_b,bg,"‘ ,bg,b),"' ,bm == (bg_b,b,"‘ ,b)
We can write

| (Tio ), (f) () = (Tieo )y () ()] < i(TKa)Zf(f)(X),

=1

~

which combining with Corollary 1.2 and Minkowski’s inequality implies that
H(TKa)Zi(f) - (TKa)Zn(f) HM‘WB/P(W‘I)

< Z H(TKa)%z(f)HM‘MB/I’(W‘I) < Cs”f”Mﬂ-ﬁ(wﬂ,wq)'
j=1

This together with [26, p. 278, Theorem (iii)] implies that to obtain the compact-
ness for (T, ), with b € CMO(R"), it suffices to prove the compactness for (7x, )}’
with b € C°(R").

In what follow, we let b € (C)*(R"). We want to show that (T, )} is compact
from MPB(wP w1) — MPIB/P (1),

Step 2. Reduction via smooth truncated techniques. We shall adopt the
truncated techniques followed from [13] to prove the compactness part. Let ¢ €
C>(]0,00)) satisfy that 0 < @ < 1, @(¢t) = 1 if t € [0,1] and @(¢) = 0 if ¢ € [2,00).
For any n > 0, we define the function Ky, by

Kon(x,) = Ka(x,y) (1 — @20~ x—y])).
By (1.2), we have
| (T J00F) — (T 2P
< [ 106) =) S (Kan:2) ~ Kalx.2)
62 = [ 160~ b@) @K -2l
< G 1Bla=ao)+ 1) 9By | @,

[x—z|<n ‘x - Z’n—(x—l

< Ci (1B =y + 16 VB =) 2"~ * oMM f) ()
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for every x € R”, where ®, = |B(0,1)|. Here My with 0 < o < n is the usual
fractional maximal operator defined by

1
Mo(f)(x) = iggW/;rSr |f(x—)|dy.

Combining (3.22) with the MPB(w? w4) — M2%B/P (4) boundedness for M, im-
plies

(T 2 CF) = (T2 () g

3.23
529 < Ol o ¥ € MPB(o?, 0.

By (3.23) and [26, p. 278, Theorem (iii)], the compactness for (TKQ)Z’ reduces
to the compactness for (7k,, );' whenn > 0 is small enough. We set

F = ATk )b (F) 2 [1F g oy < 13-

To prove the compactness of (T, )}, it is enough to show that  is pre-compactness
when 1 > 0 is small enough. By Proposition 2.3, it is enough to verify that ¥ sat-
isfies conditions (i)-(iii) of Proposition 2.3.

Step 3. A verification for condition (i) of Proposition 2.3. Letn € (0,1). By
(3.23) and the boundedness part of Theorem 1.1,

H (TKa,n)bm(f)”Mq-qB/p(wq)
< Tk )5 () = (Tre)y ) [agabro oy + (1 (T )y () a8 o)
< CHfHMﬁﬁ(wﬁ,wq) <C,

when || f]| M8 ey < 1. This yields that F satisfies condition (i) of Proposition
2.3.

Step 4. A verification for condition (ii) of Proposition 2.3. Assume that
b € G (R") and is supported in a cube Q = Q(0,r). Fix f € MPP(wP w?) with
£ lsr8 (o ) < 1 and Ey :={x € R": |x| > N} with N > max{nr,1}. Note that
|z| < nlzle < $nr < IN < §|x| when x € Ey and z € Q. Then we have |x —z| >
x| — |z| > 1|x| when x € Ey and z € Q. By (1.2), we have
Ck,

a for x #y.

(3.24) |Kan ()| < |[Ka(x,y)] < @

Note that b(x) = 0 when x € Ey since N > nr. By (3.24), we have
b(x) — b(z))"
(T (N < Cr, [ R =PRI@

(3.25) R ez
522”“CkaHbHﬁqR@Lﬂ“”]Q\f(ZNdz

for every x € Ey. By the arguments similar to those used to derive (3.8), we have

(3.26) /Q £z < Wl T w Q)P40 | 1|70 e
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For a fixed cube Q Q Xo,1), we get from (3.25) and (3.26) that

4,9
wi(Q QB/P /| Kan (0)xEy (X)W (x)dx
1
< Ciwi (0] / X f(nfoc)qwq Vdx
1w (Q) (Q)qB/p QﬂEN| | (x)
< Clwq(Q)
1 / (n—a), g
()P X wi(x)dx
(3.27) Wq(Q)qB/pj;) QW(B(OQJ'“N)\B(o,sz))‘ | (x)
' a 1
<Cw(0)

’ Wq(Q)qB/p
x Y (2/N) "0y (O 1 (B(0,2/T'N) \ B(0,2/N)))
j=0
< Cl"l’oq(Q)

x Y (2/N) =%y (O 1 (B(0,2/TIN) \ B(0,2/N))) 4P/P
j=0

where C| = (2”*0‘CKaHbHZL(Rn)HfHMp,B(WmW‘,))q[w]Ap_q. Invoking Lemma 2.2, we
see that w? € A »—a (R"). Applying Lemma 2.1(ii), there exists € > 0 such that
w? € A n-a_.(R"). Then by Lemma 2.1(iii) we have

wi(QN(B(0,277'N)\ B(0,2/N)))
< w(B(0,277N)) < w?(Q(0,2/2N))
< W4 g (2TFPN)IO0A(0(0, 1)),

This together with (3.27) yields that

wi( qﬁ/p/| Kan ) () (X)X Ey ()| TW (x)dx
<C [wq] :l;lz/l’ . )Wq(Q)qB/p 1o Wq(Q(O,l))“(IB/P

" Z (27N) (00 (2742 (gln-a) -ne)(1-gB/p)

<Cilr 11 BID W (@)1 10|75 w(Q(0, 1))~ 9P/r

Ao (R

X Z(ZJN) ¢*B(n—0)/p—ne(1—qB/p)
=0
<O PP Q)P I w(0(0, 1))
q

<N~ 2B(n"ct) /p—ne(1— aB/p).

which leads to
(T )i ()X N p0.a80 1)
g i gy g e -1
<2 CKaHbHLw R") ||f||1171p[5 wP wq)[W]A [Wq]A n— ocfgwq(Q) 4 ’Q

xw9(0(0,1)) “B/”

n—o
n

N—9B(n—0)/p—ne(1/q—B/p)
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This together with (3.27) implies that ¥ satisfies the condition (ii) of Proposition
2.3.

Step 5. A verification for condition (iii) of Proposition 2.3. It suffices to show
that

628 m (T )~ (T IO laoun) =0

for a fixedn € (0,1).
At first we shall prove that

|x —z] ) 1
e =1/ Jx =yl
for all |x — y| > 2|x — z|,where 8 := 6(¢) +¢ and the constant C is independent of .
When |x —y| > 2|x — z|, we consider the following different cases:
Case 1: (|x—y| > and |z—y| > m). In this case we have Ky y(x,y) = Ko (x,)
andKo,n(z,y) = Ko(z,y). This together with (1.3) yields (3.29).
Case 2: (|x—y| <mand |z—y| <m). Without loss of generality we may assume
that [x —y| > |z—y|. Itis clear that [y —z| > 1[x —y|. We have

|K(m(x,y) —Koc,n (ZJ)‘
< [Ka(x,y) — Ka(z,Y)| + [Ka(x,y) — Ka(z,¥) 020 x —y])
+ [Ka(zy)|lo(2n x—y)) —@@ntz—y]).

(3.29) [Kan(3,) — Kan(2,9)] < €

Similarly,
| Ko (v,X) = Koy (:2)]
< |Ka (3, %) = Ko (3,2)] + [Ko(,X) = Ko (3,2)[@(20n ' [x = y])
+|Ka(y2)lle@n " x—y]) — @20~z =)
Above facts together with (1.2) and (1.3) imply
|Kan (x,Y) — Ko (2,9)] + [Kon (9:X) — Koun (3, 2) |
< 2(|Ka(x,y) = Ka(z,y)| + [Ka(y,x) — Ka(¥,2)])

+ (|Ka(z: )|+ Ka (D)) 020~ x = y]) — 920~z —y))|
]x—z|) 1 2Ck,
e —y[/ e —yr=* |y —zfrme
Note that |¢/(7)| < C1<i<2(¢) for all # > 0. Then we have
[p(2n~"|x—y]) — @2~z — )|
< LWl < Corizmaln) <C

<26( [o(2n " —y)) —o(2n 2= y)-

(3.30) o=z _ b=

ne lx—y|’

where 1 € (%|Z—yl, %|x—y|). Therefore, we get

~/|x—z| 1
Kon (%,5) — Koun (2,9) | + | Koun (3.) — Koo (0, <C6( ) ,
| Ko (%,Y) = Kon (2,9) | + [Kon (3,%) = Ko (0, %) < =y =y

which gives (3.29) in this case.
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Case 3: (|x—y| > and |z—y| <m). In this case we have Ky n(x,y) = Ko (x,)
and|z—y| > $|x—y| since [x—y| > 2|x —z|. This together with (1.2), (1.3) and
(3.30) implies that

| Ko (x,Y) = Kon (2,9)| + [Kon (v,%) — Ko (3, 2)|

= |Ka(x,y) — Kan(z,9)| + [Ka(y,x) — Kan (3,2)]

< |Ka(x,y) = Ka(z,9)| + [Ka(y,x) — Ka(,2)|
+ (|Ka(z )|+ |Ka(y.2) 020~z = y])

< |Ka(x,y) = Ka(z,9)| + [Ka(y,%) — Ko (3, 2) | + (|Ka(z, )]
+|Ka(,2))) @20~z —y) — @20~ x —y])|
9(|x—z]> 1 2Ck, |x—7]

pe—yl/ =yl y =z x—y|’

which proves (3.29) in this case.
Case 4: (Jx—y| <mnand |z—y| >n). The case is similar to Case 3.
In what follows, we set |2 < § and 1 € (0,1). By the definition of (7, )},

\(TKan)?(f)(erh) (Tkun )3y (F) ()]
[(b(x+h) =b(y)" (Ko (x+h,y) = Ko (x,)) £ (y) ldy

+/Rn|((b(x+h)—b(y))m—(b(x)—b(y))m)Kom(X,)’)f(Y)!dy
=: L1+ L.

(3.31)

For L;. Due to |h| < 3, then we have Kon (x+7%,y) = Koy (x,y) =0 when |x—y| <
7. Moreover, |x —y| > 2|h| when |x—y| > 7. By (3.29), we have that for almost
every x € R",

L < /| P 1) =B K+ )~ Kan (570l
X—y|>7

<c B () )y

\x y[>3 ’x y’n ¢ ’x y’

2| /
<C d
Z < > 2/ < |x—y|<2i I |)C y|n a|f( >| g

<CZG< )Maf(x).

22‘ Al

Note that

| A

gy (4f\h!/ﬂ) 20(41|h|/m)
Z/ ; _C/O — dt

SIr/m (1)
t

o)

j=0

<C —=dt < oo.

0
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This together with the boundedness for Mg, : MPB(wP w?) — M%9B/P (w7) implies
that

1Ll

81hl/m (s 81l/n §(;
< C</O ( )dt> [Ma(f )HMMB/P(Wq) < C(/O le‘) HfHM,,J}(W,,’Wq)

t
8lhl/m g
< C/ %dt,
0 t

which leads to |[L1[psqa8/p () = O as |2 — 0.
Divide the second term L, by

= [ IBls) = b)) = (b(x) b)) Kn )73
:/I >n [(b(x+R) =b(y))™ = (b(x) = b(y))" || Ko (x,3).f (¥) ldy

+/ |(b(x+h) —b(y))" — (b(x) = b(y))"||Koun (x,5).f (¥)|dy
[2<]x=y|<n
=:lr1+Ls>.

We write

(blx+h) =b(y))" = (b(x) =b(y))"
= (b(x+h) = b(x) +b(x) = b(y))" — (b(x) = b(y))"

where Cy = r,(NLLr), for any r, N € N with r < N. Hence, we obtain
L21<ZC |bx+h |lZ mt

A Ku<x,y>b<y>m*f*ff<y>dy]

<ZC’|bx—|—h ylzm () T (67 £) ()|
< Ol Tiey (F) ()]

From this and the MPB(wP w) — M%98/P(w?) boundness of Tk, we obtain

L2, HMqﬂliB/P(wq) < C‘h’”TKafHMwB/P(wq) < CM‘HfHMI’vB(wI’,wq) < Clhl.



COMPACTNESS FOR COMMUTATORS OF CALDERON-ZYGMUND SINGULAR INTEGRAL 19

On the other hand, one has

| Kan(2.3)60)" 1 f(y)dy
n/2<x—yl<n

<c / Ko (o) £ )l
n/2<]x—y|<n

1
nl’l*O(.

/ )|y < CMa(f)(x).
n/2<x—yl<n

This leads to

i m—i .
Ly <Y Culb(x+h) —b(x)|" Y Cp_ilb(x))
i=1 j=0

1

<[ Ko (6,601 1) dy
n/2<h—yl<n

< Clh|Mo(f)(x).
It follows that
HLZ,ZHMZI-qﬁ/P(wq) < C’h‘HMoc(f)HMLI-qﬁ/P(wq) < C’hH‘fHMI’»B(WI’7w‘1) < C‘h‘-

It follow from above estimates of L1,L 1,L> > that

(T )b () 1) = (T )y (F) ()l agaarouay = O

as || — 0, uniformly for all £ with || {8, we) < 1. This verifies the condition
(iii) of Proposition 2.3. Theorem 1.1 is now proved. O
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